In this paper, we introduce the notion of a connected sum K 1 # Z K 2 of simplicial complexes K 1 and K 2 , as well as define a strong connected sum. Geometrically, the connected sum is motivated by Lerman's symplectic cut applied to a toric orbifold, and algebraically, it is motivated by the connected sum of rings introduced by Ananthnarayan-Avramov-Moore [1] . We show that the Stanley-Reisner ring of a connected sum K 1 # Z K 2 is the connected sum of the Stanley-Reisner rings of K 1 and K 2 along the Stanley-Reisner ring of K 1 K 2 . The strong connected sum K 1 # Z K 2 is defined in such a way that when K 1 , K 2 are Gorenstein, and Z is a suitable subset of K 1 K 2 , then the Stanley-Reisner ring of K 1 # Z K 2 is Gorenstein, by work appearing in [1] . We also show that cutting a simple polytope by a generic hyperplane produces strong connected sums. These algebraic computations can be interpreted in terms of the equivariant cohomology of moment angle complexes and toric orbifolds.
Introduction
In this paper, we introduce a notion of the connected sum of simplicial complexes, abstracting the combinatorial aspect of cutting a simple polytope by a generic hyperplane. Let K 1 and K 2 be simplicial complexes on [m] Ï {1, , m} and let Z W Ï K 1 K 2 be a subset that does not contain the empty set. Assume that the neighborhood O K 1 K 2 (Z ) of Z in K 1 K 2 is contained in W . In Section 2, we define the connected sum K 1 # Z K 2 of K 1 and K 2 by
Furthermore, we introduce the strong connected sum of K 1 and K 2 by assuming
We show that if ½ and ½ are simple polytopes obtained by cutting a simple polytope ½ with a generic hyperplane H o , then the simplicial complex K associated to ½ 2010 Mathematics Subject Classification. Primary 55N91; Secondary 14M25, 57R18, 16S37, 53D99.
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T. MATSUMURA AND W. FRANK MOORE is a strong connected sum of the simplicial complexes K ¦ associated to ½ ¦ . Interestingly, it is also shown that K is a strong connected sum of K and K .
We then turn to study the algebraic structures of the corresponding Stanley-Reisner rings in the framework of the connected sum of rings introduced by AnanthnarayanAvramov-Moore [1] (Section 3). Let A 1 , A 2 and C be rings and V a C-module. Consider the following diagram (1.2)
where¯1 and¯2 are ring homomorphisms and ³ 1 and ³ 2 are module homomorphisms.
The connected sum of rings associated to the diagram (1.2) is defined by 
where all the maps are induced from Diagram (1.3).
This analysis bears fruit in Section 4, where we relate the above results to the cohomology of the moment angle complex of a connected sum of simplicial complexes. The moment angle complex Z K associated to a simplicial complex K was introduced by Buchstaber and Panov in [4] as a disc-circle decomposition of the Davis-Januszkiewicz universal space. It has been actively studied in toric topology and its connections to symplectic and algebraic geometry, and combinatorics. Since the (equivariant) cohomology of moment angle complexes are naturally related to the Stanley-Reisner rings and their Tor algebras (cf. [3] , [11] ), we have the corresponding theorem. More precisely, we can replace the Stanley-Reisner rings in Theorem A by the T-equivariant cohomology of the corresponding moment angle complexes where T is the m-dimensional torus acting on the moment angle complexes canonically (Corollary 4.3). Moreover, we can replace Tor
£ ( , ) in Theorem B by the G-equivariant cohomology of the corresponding moment angle complexes where G is the kernel of B Ï T R (Proposition 4.4). The connected sum of simplicial complexes can be used to construct interesting spaces (cf. [7] ) and the techniques developed in this paper can be used to compute the (equivariant) cohomological invariants of these spaces.
Finally, we come back to our original motivation to study the cohomology of a symplectic cut of a toric orbifold. Since a toric orbifold is topologically nothing but the quotient stack of a moment angle complex by a torus action, the above results can be applied. 
where the connected sum of rings is defined by
and H £ (X ) are concentrated in even degree, then the statement holds over -coefficients.
Connected sum of simplicial complexes
In this section, we define the (strong) connected sum
We show that cutting a simple polytopes produces strong connected sums of simplicial complexes.
Connected sums of simplicial complexes.
A simplicial complex on the ver- 
respectively. If K 1 and K 2 are simplicial complexes on the same vertex set S, then we can naturally take the intersection K 1 K 2 and the union K 1 K 2 that are also simplicial complexes on S. 
{abc, bcd} and F (K 2 ) {abc, ace}. Then F (W ) {abc} and let Z {abc} O K (Z ). This is a connected sum in the sense of [3] . The result is not pure.
DEFINITION 2.4 (Strong connected sum). A connected sum
are pure with the same dimension and
The algebraic justification of Definition 2.4 comes in Section 3.2. Here we only show the following lemma that will be used later.
Lemma 2.5. Let K be a simplicial complex and W a subcomplex of K . Let
(2.1) Z Ï { ¾ K K , ¾ K Ò W }. Then O K (Z ) Z and Z W Ò (K Ò W ). Proof. Let ¾ O K (Z ) and let ¼ ¾ Z such that ¼ . If there is ¾ K Ò W such that ¾ K , then ¼ ¾ K so ¼ Z . Thus K for all ¾ K Ò W , i.e. O K (Z ) Z . Since obviously O K (Z ) Z , we have O K (Z ) Z . We have Z W since, if W , then ¾ K Ò W and ¾ K so Z . Furthermore if ¾ K Ò W , then there is ¾ K ÒW such that . Therefore ¾ K so that Z . Thus Z W Ò (K Ò W ). On the other hand, let ¾ W Ò K Ò W . If Z , then there is ¾ K Ò W such that ¾ W . This means ¾ star K (K Ò W ). However, we have that star K (K Ò W ) O K (K Ò W ) K Ò W . Thus ¾ K Ò W which is a contradiction. Thus ¾ Z and so W Ò K Ò W Z .
Polytope cutting and connected sum.
A polytope ½ is defined to be the convex hull of a finite set of points in Ê n . We can choose i ¾ (Ê n ) £ and i ¾ Ê, 
On the other hand,
. This proves (2.2) and also
Since ½ ½ , it is clear that ¾ K K if and only if
.
An immediate corollary is that K ½ is a connected sum of K and K along Z Ï {o}.
In fact, it is a strong connected sum, as is shown below.
Proof. To show it is a strong connected sum, we must prove 
Now we show that K is a strong connected sum of K ½ and K . Let
Lemma 2.9. Proof. K is a connected sum of K and K ½ along Z by (2.4) and (2.5). Let 
Stanley-Reisner rings and connected sum
We study the algebraic structure of the Stanley-Reisner ring of the connected sum K 1 # Z K 2 defined in the previous section. The algebraic model is the connected sum of rings introduced and studied by Ananthnarayan-Avramov-Moore [1] . In Section 3.1, we review the definitions and show that the Stanley-Reisner ring [K 1 # Z K 2 ] is the connected sum of the Stanley-Reisner ring of K 1 and K 2 . In Section 3.2, we study the Gorenstein property of [K 1 # Z K 2 ] in terms of the same property of K 1 , K 2 and K 1 K 2 for strong connected sums. Here Corollary 3.10 is our motivation to define strong connected sums. In Section 3.3, we discuss how those properties descend to Tor algebras of Stanley-Reisner rings. 
Connected sum of rings.
A 1 ¢¯A 2 Ï {(x 1 , x 2 ) ¾ A 1¨A2 ¯1(x 1 ) ¯2(x 2 )}.
CONNECTED SUMS OF SIMPLICIAL COMPLEXES
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Now take a C-module V and regard it as a A i -module via¯i for each i 1, 2. Given a commutative diagram (3.1)
where ³ i is a homomorphism of A i -modules for i 1, 2, we set ³ Ï (³ 1 , ³ 2 ) Ï V A 1¨A2 . The connected sum of the diagram (3.1) is given by
Equivalently, one may also view the definition of the connected sum of rings as arising via the following exact sequences: 
Proof. The following short exact sequence is obvious
Indeed, the injectivity of and the surjectivity of g are obvious. Also it is obvious that Im ker g. We define the inverse 
Here we note that Proof.
Since 
By Theorem 3.4, we have the isomorphism of rings over [
To complete the proof, we need to show that I Z is a 
Connected sum of Gorenstein rings.
This section explains our algebraic motivation for Definition 3.1 of the strong connected sum. Let W be a subcomplex of a simplicial complex K on [m]. Let I K ÒW be a kernel of the quotient map [K ] [W ].
Lemma 3.7. The annihilator
Proof. The annihilator is generated by x where ¾ K s.t. 
Consider an integer n ¢ m matrix B of rank n. The choice of such B corresponds uniquely to a choice of a surjective map 
be the induced maps on Tor. The following claims can be easily observed: Consider the following cutting of a cube: ½ is the cube with the facets H 1 , , H 4 and we cut it by the facet H o to obtain ½ and ½ as shown below.
